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CONSTRUCTION OF MULTI-QUBIT OPTIMAL GENUINE
ENTANGLEMENT WITNESSES
KYUNG HOON HAN AND SEUNG-HYEOK KYE
Abstract. We interpret multi-partite genuine entanglement witnesses as simultane-
ous positivity of various maps arising from them. We apply this result to multi-qubit
X-shaped Hermitian matrices, and characterize the conditions for them to be gen-
uine entanglement witnesses, in terms of entries. Furthermore, we find all optimal
ones among them. They turn out to have the spanning properties, and so they de-
tect non-zero volume set of multi-qubit genuine entanglement. We also characterize
decomposability for X-shaped entanglement witnesses.
1. Introduction
The notion of entanglement is considered as the main resource in current quantum
information theory, and it is one of the key research topics to study how to detect
entanglement from separability. The duality between separable states and positive
linear maps turned out to be very useful for this purpose [1, 2], and was formulated as
the notion of entanglement witnesses [3] in the bi-partite case. Entanglement witnesses
also have the obvious natural meaning in the multi-partite cases, and they are now
interpreted as the Choi matrices of positive multi-linear maps by the duality between
n-partite separable states and positive multi-linear maps with (n− 1) variables [4]. In
the multi-partite cases, there are many kinds of entanglement [5]. Among them, genuine
entanglement, especially multi-qubit genuine entanglement, is at the central interest
for quantum information processing, and many authors suggested various methods
to detect genuine entanglement from bi-separability. See survey articles [6, 7]. The
notion of entanglement witnesses is also naturally extended in this case, and has been
considered by several authors. See [8, 9, 10, 11, 12, 13, 14, 15, 16, 17], for examples.
A multi-partite state ̺ in the tensor product
⊗n
i=1Mdi of matrix algebras Mdi on
the di-dimensional Hilbert space C
di is said to be (fully) separable if it can be written
as the convex combination
̺ =
∑
k
pk|zk〉〈zk|
of pure states |zk〉〈zk| onto product vectors |zk〉, that is, simple tensors in the tensor
product
⊗n
i=1C
di of Hilbert spaces. For a given bi-partition S ⊔ T of the set [n] :=
{1, 2, . . . , n}, a multi-partite state ̺ may be considered as a bi-partite state in the
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tensor product
(⊗
i∈S Mdi
)⊗ (⊗i∈T Mdi) of two matrix algebras, and is said to be S-
T bi-separable (respectively S-T PPT) if this bi-partite state is separable (respectively
PPT). A multi-partite state ̺ is called bi-separable (respectively a PPT mixture) if it
is in the convex hull of S-T bi-separable (respectively S-T PPT) states through all bi-
partitions S⊔T = [n]. A state is said to be genuinely entangled if it is not bi-separable.
We call a non-positive (non positive semi-definite) Hermitian matrix W in
⊗n
i=1Mdi
genuine entanglement witness if
〈̺,W 〉 := Tr (̺W t) ≥ 0
for every bi-separable state ̺. Here, W t denotes the transpose of W . Non-positivity
condition of W guarantees the existence of a state ̺ with 〈̺,W 〉 < 0, and the above
condition tells us that this ̺ must be genuinely entangled. By duality, any genuine
entanglement is detected by a genuine entanglement witness.
In the three partite case, the authors [18] interpreted genuine entanglement wit-
nesses as the Choi matrices of (p, q, r)-positive bi-linear maps, and constructed various
kinds of three-qubit entanglement witnesses. In this paper, we interpret general multi-
partite genuine entanglement witnesses in terms of simultaneous positivity of various
linear maps arising from bi-partitions S ⊔ T = [n]. For this purpose, it is very im-
portant to set up notations. We will do it in the next section, and describe the linear
maps arising from bi-partitions. We also summarize results in this paper in terms of
these notations.
Motivated by examples of three-qubit entanglement witnesses constructed in [18]
and [4], we apply this result in Section 3 to the so called X-shaped multi-qubit witnesses
to characterize genuine entanglement witnesses in terms of entries. Recall that a matrix
is X-shaped if all the entries are zero except for diagonal and anti-diagonal entries.
Among genuine entanglement witnesses we found, we characterize in Section 4 optimal
ones which turn out to have the spanning properties. Therefore, they detect nontrivial
set of genuine entanglement, that is, the set of genuine entanglement detected by them
have non-zero volume. In Section 5, we also characterize decomposable witnesses, and
see that every X-shaped genuine entanglement witness is decomposable.
We note that states with X-shaped matrix forms have been studied by several
authors in various contexts. See [5, 19, 20, 21, 22, 23, 24, 25, 26] for example.
2. Notations and summary of results
In order to deal with multi-partite systems, it is convenient to use multi-indices for
entries of matrices. Let S be a nonempty subset of [n] = {1, 2, . . . , n}. A function i
from S into nonnegative integers with 0 ≤ i(i) < di (i ∈ S) will be called an index on
S, which will be denoted by a string of integers in the obvious sense.
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For a given bi-partition S ⊔ T = [n], it is clear with this notation that any matrix
W in
⊗
i∈[n]Mdi can be written in a unique way by
W =
∑
i,j∈IS
|i〉〈j| ⊗W [i, j] ∈
(⊗
i∈S
Mdi
)
⊗
(⊗
i∈T
Mdi
)
where IS denotes the set of all indices on the set S. We also use the notation
|i〉 = |i1〉 ⊗ |i2〉 ⊗ · · · ⊗ |i#S〉
for i = i1i2 . . . i#S ∈ IS, and similarly for 〈j|, where #S denotes the cardinality of S.
For given indices k, l on T , the (k, l)-entry W [i, j]k,l of W [i, j] ∈
⊗
i∈T Mdi is given by
W [i, j]k,l =Wi⋄k,j⋄l,
where i ⋄ k is the index on [n] defined by
(i ⋄ k)(i) =
{
i(i), i ∈ S,
k(i), i ∈ T.
We note that the set {|i〉〈j| : i, j ∈ IS} plays the role of matrix units for the matrix
algebra
⊗
i∈S Mdi . Therefore, we may define the linear map
(1) φS,TW : |i〉〈j| ∈
⊗
i∈S
Mdi → W [i, j] ∈
⊗
i∈T
Mdi , i, j ∈ IS.
Conversely, for any given linear map φ :
⊗
i∈S Mdi →
⊗
i∈T Mdi , we can associate the
matrix Wφ ∈
⊗
i∈[n]Mdi by
Wφ =
∑
i,j∈IS
|i〉〈j| ⊗ φ(|i〉〈j|) ∈
(⊗
i∈S
Mdi
)
⊗
(⊗
i∈T
Mdi
)
=
⊗
i∈[n]
Mdi .
When n = 2 and S = {1}, Wφ is nothing but the usual Choi matrix [27] of the linear
map φ from Md1 into Md2 .
We consider an example. In the three qubit case, every X-shaped matrix W ∈
Md1 ⊗Md2 ⊗Md3 with di = 2 can be written by the usual 8× 8 matrix
W =


W000,000 · · · · · · W000,111
· W001,001 · · · · W001,110 ·
· · W010,010 · · W010,101 · ·
· · · W011,011 W011,100 · · ·
· · · W100,011 W100,100 · · ·
· · W101,010 · · W101,101 · ·
· W110,001 · · · · W110,110 ·
W111,000 · · · · · · W111,111


,
if we endow indices with the lexicographic order, where · denotes zero. The map
φ
{2},{1,3}
W is a linear map from Md2 into Md1 ⊗Md3 , and the image of |i〉〈j| ∈Md2 = M2
can be obtained by searching for the entries which look like W∗i∗,∗j∗. For example, the
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image of |0〉〈1| under φ{2},{1,3}W is given by

· · · W000,111
· · W001,110 ·
· W100,011 · ·
W101,010 · · ·

 ∈Md1 ⊗Md3 = M4.
For a linear map φ :
⊗
i∈S Mdi →
⊗
i∈T Mdi and a bi-partite state ̺ ∈
(⊗
i∈S Mdi
)⊗(⊗
i∈T Mdi
)
, we have the the bilinear pairing 〈̺, φ〉 which coincides with 〈̺,Wφ〉 :=
Tr (̺W t). By the duality between bi-partite separability and positivity of linear maps,
it is now clear that the following are equivalent for a given bi-partition S ⊔ T = [n]:
• 〈̺,W 〉 ≥ 0 for every S-T bi-separable state ̺.
• The linear map φS,TW is positive.
We employ the duality between the convex hulls and the intersections, to get the
equivalence (i) ⇐⇒ (ii) in the following:
Proposition 2.1. Let W be a Hermitian matrix in
⊗
i∈[n]Mdi . Then the following are
equivalent:
(i) 〈̺,W 〉 ≥ 0 for every bi-separable state ̺.
(ii) The linear map φS,TW is positive for each bi-partition S ⊔ T of [n].
(iii) The linear map φS,TW is positive for each bi-partition S ⊔ T of [n] with #S ≤ n2 .
The statement (iii) is equivalent to (ii), because the map φT,SW is the transpose of
φS,TW whenever S ⊔ T is a bi-partition of [n]. Indeed, for given i, j ∈ IS and k, l ∈ IT ,
we have
〈φS,TW (|i〉〈j|), |k〉〈l|〉 = 〈W [i, j], |k〉〈l|〉 =Wi⋄k,j⋄l,
where 〈 · , · 〉 is the bilinear pairing on the matrix algebra ⊗i∈T Mdi . On the other
hand, we also have
〈|i〉〈j|, φT,SW (|k〉〈l|)〉 = 〈|i〉〈j|,W [k, l])〉 =Wi⋄k,j⋄l,
where 〈 · , · 〉 is the bilinear pairing on the matrix algebra⊗i∈S Mdi .
A multi-qubit matrix X = [Xi,j] ∈
⊗n
i=1Mdi with indices i, j on [n] is X-shaped if
and only if Xi,j is nonzero only when i = j or i = j¯, where
i¯(i) = i+ 1 mod 2, i = 1, 2, . . . , n.
For each index i beginning with 0 and numbers si, ti, ui, we denote by Xi(si, ti, ui) the
Hermitian matrix in
⊗
i∈[n]Mdi whose (i, i)-th, (¯i, i¯)-th and (i, i¯)-th entries are given by
si, ti and ui, respectively, with zero entries otherwise. Then every multi-qubit X-shaped
Hermitian matrix can be written by
(2) X(s, t, u) :=
∑
i∈B0
Xi(si, ti, ui),
for s = {si : i ∈ B0}, t = {ti : i ∈ B0} and u = {ui : i ∈ B0}, where B0 is the set of
all indices beginning with 0. If we endow the set B0 with the lexicographic order, and
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identify B0 with {1, 2, . . . , 2n−1} by the binary expansion then this matrix (2) can be
written as the following usual matrix

s1 u1
s2 u2
. . . . .
.
s2n−1 u2n−1
u¯2n−1 t2n−1
. .
. . . .
u¯2 t2
u¯1 t1


.
For a given X-shaped Hermitian matrix W = X(s, t, u), we show in Section 3 that
〈̺,W 〉 ≥ 0 for any bi-separable state ̺ if and only if 〈̺,W 〉 ≥ 0 for any PPT mixture
̺ if and only if the inequality
(3)
√
siti +
√
sjtj ≥ |ui|+ |uj|
holds for every choice of i, j ∈ B0 with i 6= j. We note that two diagonal entries si, ti
of an X-shaped genuine entanglement witness W are allowed to be zero, even though
the corresponding anti-diagonal entries ui, u¯i are nonzero. This is the point why they
are useful to detect genuine entanglement.
It was shown in [28, 19] that if an arbitrary multi-qubit state ̺ whose diagonal and
anti-diagonal parts are given by X(a, b, z) is bi-separable then the inequality
(4)
∑
j 6=i
√
ajbj ≥ |zi|
holds for each i ∈ B0. Using X-shaped witnesses we constructed, we see that this is
necessary for PPT mixtures as well as bi-separable states. We note that the inequality
(4) is also known [21] to be equivalent to bi-separability for X-shaped states.
We also find all optimal ones among X-shaped genuine entanglement witnesses in
Section 4. An X-shaped Hermitian W = X(s, t, u) is an optimal genuine entanglement
witness if and only if it is a genuine entanglement witness with the spanning property if
and only if there exists an index i0 ∈ B0 such that si0 = ti0 = 0, |ui0| = 1 and siti = 1,
ui = 0 for i 6= i0, up to scalar multiplication.
In Section 5, we pay attention to decomposability of witnesses to show that a multi-
qubit X-shaped witness W = X(s, t, u) is decomposable if and only if the inequality
(5)
∑
i∈B0
√
siti ≥
∑
i∈B0
|ui|
holds. This shows that the notion of genuine entanglement witness is much stronger
than decomposability for X-shaped witnesses. Indeed, only one pair (si, ti) of diagonal
entries are allowed to be zero for genuine entanglement witnesses, but all the diagonal
entries except one pair of diagonal entries may be zero for decomposable matrices. In
the course of discussion, we also show that a multi-qubit X-shaped state ̺ = X(a, b, z)
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is fully bi-separable, that is, S-T bi-separable for any bi-partition S ⊔ T = [n] if and
only if it is of PPT if and only if the inequality
(6)
√
aibi ≥ |zj|
holds for every i, j ∈ B0.
3. X-shaped multi-qubit genuine entanglement witnesses
From now on, we restrict ourselves to the multi-qubit cases. So, Mdi will be the
algebra M2 of all 2× 2 matrices, and an index will be a {0, 1}-string. We note that an
X-shaped matrixW is positive, that is, positive semi-definite if and only if the following
2× 2 matrix (
Wi,i Wi,¯i
Wi¯,i Wi¯,¯i
)
is positive for every i ∈ I[n].
Now, we assume that W is X-shaped, and look for a condition with which the
map φS,TW in (1) is positive. This map sends an element
∑
i,j∈IS
ai,j|i〉〈j| in
⊗
i∈S Mdi
to
∑
i,j∈IS
ai,jW [i, j] ∈
⊗
i∈T Mdi , which is again X-shaped, and so,
∑
i,j∈IS
ai,jW [i, j] is
positive if and only if ∑
i,j∈IS
ai,j
(
W [i, j]k,k W [i, j]k,k¯
W [i, j]k¯,k W [i, j]k¯,k¯
)
∈M2
is positive for each k ∈ IT . Therefore, we see that the map φS,TW is positive if and only
if the map
Φk :
∑
i,j∈IS
ai,j|i〉〈j| ∈
⊗
i∈S
Mdi 7→
∑
i,j∈IS
ai,j
(
Wi⋄k,j⋄k Wi⋄k,j⋄k¯
Wi⋄k¯,j⋄k Wi⋄k¯,j⋄k¯
)
∈M2
is positive for each k ∈ IT . Now, we consider the transpose Φtk : M2 →
⊗
i∈S Mdi of
the map Φk, and the Choi matrix of Φ
t
k. For p, q ∈ {0, 1}, we have
Φtk(|p〉〈q|)i,j = 〈|p〉〈q|,Φk(|i〉〈j|)〉
=
〈
|p〉〈q|,
(
Wi⋄k,j⋄k Wi⋄k,j⋄k¯
Wi⋄k¯,j⋄k Wi⋄k¯,j⋄k¯
)〉
=
〈
|p〉〈q|,
(
W [k,k]i,j W [k, k¯]i,j
W [k¯,k]i,j W [k¯, k¯]i,j
)〉
.
Hence, the Choi matrix of Φtk is given as
(7) Wk :=
(
Φtk(|0〉〈0|) Φtk(|0〉〈1|)
Φtk(|1〉〈0|) Φtk(|1〉〈1|)
)
=
(
W [k,k] W [k, k¯]
W [k¯,k] W [k¯, k¯]
)
∈M2
(⊗
i∈S
Mdi
)
.
A bi-partite self-adjoint matrix is said to be block-positive if the pairing with any
separable state is nonnegative. We recall that the positivity of a linear map is equivalent
to block-positivity of its Choi matrix, and so, we have the following:
Lemma 3.1. Suppose that W is an X-shaped matrix in
⊗
i∈[n]Mdi with di = 2. For a
bi-partition S ⊔ T = [n], the following are equivalent:
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(i) the map φS,TW :
⊗
i∈S Mdi →
⊗
i∈T Mdi is positive;
(ii) the matrix Wk given as (7) is block positive in M2
(⊗
i∈S Mdi
)
, or equivalently
the map Φtk : M2 →
⊗
i∈S Mdi is positive, for each k ∈ IT .
Since Wk is again X-shaped, we can apply Lemma 3.1 to the matrix Wk ∈ M2 ⊗
(
⊗
i∈S Mdi) with the given bi-partition. Note that the map (1) associated with Wk
coincides with Φtk : M2 →
⊗
i∈S Mdi by (7). Therefore, the map Φ
t
k is positive if and
only if for each i ∈ IS the matrix
(8)
(Wk)i =
(
Wk[i, i] Wk[i, i¯]
Wk [¯i, i] Wk [¯i, i¯]
)
=


Wi⋄k,i⋄k Wi⋄k,i⋄k¯ Wi⋄k,¯i⋄k Wi⋄k,¯i⋄k¯
Wi⋄k¯,i⋄k Wi⋄k¯,i⋄k¯ Wi⋄k¯,¯i⋄k Wi⋄k¯,¯i⋄k¯
Wi¯⋄k,i⋄k Wi¯⋄k,i⋄k¯ Wi¯⋄k,¯i⋄k Wi¯⋄k,¯i⋄k¯
Wi¯⋄k¯,i⋄k Wi¯⋄k¯,i⋄k¯ Wi¯⋄k¯,¯i⋄k Wi¯⋄k¯,¯i⋄k¯


=


Wi⋄k,i⋄k · · Wi⋄k,¯i⋄k¯
· Wi⋄k¯,i⋄k¯ Wi⋄k¯,¯i⋄k ·
· Wi¯⋄k,i⋄k¯ Wi¯⋄k,¯i⋄k ·
Wi¯⋄k¯,i⋄k · · Wi¯⋄k¯,¯i⋄k¯

 ∈M2(M2)
is block positive. Therefore, we have the following:
Theorem 3.2. Suppose that W is an X-shaped multi-qubit Hermitian matrix. For a
bi-partition S ⊔ T = [n], the following are equivalent:
(i) the map φS,TW is positive;
(ii) the matrix (8) is block positive for every i ∈ IS and k ∈ IT .
For a given bi-partition [n] = S ⊔ T and i ∈ IS,k ∈ IT , we see that i ⋄ k 6= i ⋄ k¯,
i ⋄ k 6= i¯ ⋄ k and the matrix (8) is of the form
(9)


Wi,i · · Wi,¯i
· Wj,j Wj,¯j ·
· Wj¯,j Wj¯,¯j ·
Wi¯,i · · Wi¯,¯i

 ∈M2(M2)
with indices i, j on [n] satisfying i 6= j and i 6= j¯. Conversely, if i and j are indices on
[n] with j 6= i, i¯, then we put
S = {i ∈ [n] : i(i) = j(i)} and T = {i ∈ [n] : i(i) 6= j(i)}.
Then, S⊔T is a bi-partition of [n], and we have i = i|S ⋄ i|T and j = j|S ⋄ j|T = i|S ⋄ i|Sc .
Therefore, we have the relations (i) ⇐⇒ (ii) ⇐⇒ (v) in Theorem 3.3 below.
In Theorem 3.3, we will also show that a non-positive X-shaped multi-qubit Her-
mitian matrix is a genuine entanglement witness if and only if 〈W, ̺〉 ≥ 0 for any PPT
mixture ̺. In order to discuss this part, we need the notion of partial transposes for
multi-partite systems. For a given subset S ⊂ {1, 2, · · · , n}, the partial transpose T (S)
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on
⊗
i∈[n]Mdi is the linear map satisfying
(10) (a1 ⊗ a2 ⊗ · · · ⊗ an)T (S) := b1 ⊗ b2 ⊗ · · · ⊗ bn, with bi =
{
ati, i ∈ S,
ai, i /∈ S,
where at denotes the transpose of the matrix a. For an index i on [n] and a subset S
of [n], we also define the index i¯S by
(11) i¯S(i) =
{
i+ 1 mod 2, i ∈ S,
i, i /∈ S.
We note that i¯ is nothing but i¯[n] with this definition. We have the relations
(12) |i〉〈i|T (S) = |i〉〈i|, |i〉〈¯i|T (S) = |¯iS〉〈¯iSc|.
If we write j = i¯S then T (S) sends |i〉〈¯i| to |j〉〈¯j|.
Theorem 3.3. Suppose that W = X(s, t, u) is an X-shaped multi-qubit Hermitian
matrix (2) with nonnegative diagonals. Then the following are equivalent:
(i) 〈̺,W 〉 ≥ 0 for every n qubit bi-separable state ̺;
(ii) the map φS,TW is positive for any bi-partition S ⊔ T = [n];
(iii) 〈̺,W 〉 ≥ 0 for every n qubit PPT mixture ̺;
(iv) for every nontrivial subset S of [n], there are positive P and Q such that W =
P +QT (S);
(v) the matrix (9) is block positive for every indices i, j with j 6= i, i¯;
(vi) the inequality (3) holds for every indices i, j ∈ B0 with i 6= j.
Proof. We first note that the matrix (9) can be written by

si,i · · ui,¯i
· sj,j uj,¯j ·
· u¯i,¯i tj¯,¯j ·
u¯j,¯j · · t¯i,¯i


for i, j ∈ B0. Consider the linear map between M2 whose Choi matrix is given by
this. Then the positivity of this map is equivalent to the inequality (3) by [18, Lemma
6.1]. Therefore, we see that the statements (i), (ii), (v) and (vi) are equivalent. The
directions (iv) =⇒ (iii) =⇒ (i) follow from the standard duality. We complete the
proof by proving the direction (vi) =⇒ (iv).
Suppose that (vi) holds. If the inequality
√
siti ≥ |ui| holds for every index i ∈ B0,
then W is positive, and so there is nothing to prove. In the other case, there exists a
unique index i ∈ B0 such that
√
siti < |ui|, by the inequality (3). To prove (iv), we
may assume that 1 /∈ S because QT (Sc) = (Qt)T (S). For a given subset S with 1 /∈ S
and i ∈ B0, put j = i¯S. Then we see that i, j ∈ B0, and the matrix
D := Xi(si, ti, ui) +Xj(sj, tj, uj)
looks like (9) without changing the size of W .
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We first note that W − D is positive. By the inequality (3), the matrix D is
essentially a block positive matrix in M2(M2) if we ignore zero entries, and so D =
P0 + Q
τ with positive P0 and Q when it is considered as a matrix in M2(M2), where
Qτ is the partial transpose of Q with respect to the second subsystem. But, Qτ is
nothing but QT (S) if Q is considered as a matrix in
⊗
i∈[n]Mdi . The proof is complete
by putting P =W −D + P0. 
Corollary 3.4. Let ̺ be a multi-qubit state whose diagonal and anti-diagonal parts are
given by X(a, b, z). If ̺ is a PPT mixture then the inequality (4) holds for each i ∈ B0.
Proof. We first consider the case when all of aj and bj are nonzero. We consider the
witness W defined by
W =
∑
j∈B0\{i}
Xj
(√
bj
aj
,
√
aj
bj
, 0
)
+Xi
(
0, 0, −e−iθi) ,
where θi is the argument of zi. Since W satisfies the inequality (3), we have
0 ≤ 1
2
〈̺,W 〉 =
∑
j∈B0\{i}
√
ajbj − |zi|.
If some of aj and bj are zero, then we consider the (unnormalized) state ̺ + εI with
the identity matrix I. Since ̺ + εI is still a PPT mixture, we may apply the same
argument as above to get the corresponding inequality. This completes the proof by
letting ε→ 0. 
Because the inequality (4) is also known [21] to be equivalent to bi-separability for
X-shaped states, we have the following:
Corollary 3.5. For an X-shaped multi-qubit state ̺ = X(a, b, z), the following are
equivalent:
(i) ̺ is bi-separable;
(ii) ̺ is a PPT mixture;
(iii) the inequality (4) holds for every i ∈ B0.
We note that the equivalence between (i) and (ii) in Corollary 3.5 also follows
directly from Proposition 5.2.
4. Optimal genuine entanglement witnesses
For a given genuine entanglement witness W , we consider the set GW of all genuine
entanglement ̺ which are detected by W in the sense of 〈̺,W 〉 < 0. Following [29],
we say that W is optimal if the set GW is maximal. If P is positive then we have the
relation GW+P ⊂ GW , and W is not optimal if there is a nonzero positive matrix P
such that W − P is still a genuine entanglement witness. It is very difficult in general
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to determine if a given witness is optimal or not. The notion of the spanning property
is stronger than the optimality, and easier to check.
We say that a vector |z〉 ∈⊗i∈[n]Cdi is a bi-product vector if there is a bi-partition
S⊔T = [n] such that |z〉 is a product vector as an element of (⊗i∈S Cdi)⊗(⊗i∈T Cdi).
For a given genuine entanglement witness W , we denote by PW the set of all bi-product
vectors |z〉 such that
〈z¯|W |z¯〉 = 〈|z〉〈z|, W 〉 = 0.
We say that W has the spanning property if the set PW spans the whole space⊗
i∈[n]C
di . By the same argument as in [29], we see that the spanning property implies
the optimality. It is important to note that if W has the spanning property then set
GW has nonempty interior, and so has non-zero volume, by the same argument as in
[30]. See also [31].
Theorem 4.1. Suppose that W = X(s, t, u) is an X-shaped n-qubit genuine entangle-
ment witness of the form (2). Then the following are equivalent:
(i) W is an optimal genuine entanglement witness;
(ii) W is a genuine entanglement witness with the spanning property;
(iii) There exists i0 ∈ B0 and positive number r > 0 with the properties:
• si0 = ti0 = 0 and |ui0| = r,
• √siti = r and ui = 0 for i 6= i0.
Proof. (i) =⇒ (iii). If W is positive then it is never a genuine entanglement witness.
So, there exists a unique i0 ∈ B0 such that √si0ti0 < |ui0| and siti 6= 0 for i 6= i0 by (3).
Put
P1 =
∑
i∈B0,i 6=i0
Xi
(√
si
ti
|ui|,
√
ti
si
|ui|, ui
)
which is positive. From Theorem 3.3, we see that W − P1 is a genuine entanglement
witness, by the inequality
√
si0ti0 +
√(
si −
√
si
ti
|ui|
)(
ti −
√
ti
si
|ui|
)
=
√
si0ti0 +
√
siti − |ui| ≥ |ui0|
for each i ∈ B0 with i 6= i0. Therefore, P1 must be zero, and it follows that ui = 0
whenever i 6= i0. We write ui0 = reiθ.
Let R be the minimum of
√
siti through i ∈ B0 \ {i0}. If R ≥ r then
P2 = Wi0 (si0, ti0, 0)
is positive, and W − P2 is a genuine entanglement witness by Theorem 3.3 again.
Therefore, we have si0 = ti0 = 0. If R < r, then put
P3 = Wi0
(
si0 , ti0, (r − R)eiθ
)
.
Then, we see again that P3 is positive, and W −P3 is a genuine entanglement witness.
Therefore, we also have si0 = ti0 = 0 in any cases, as it was desired. Since W is a
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genuine entanglement witness, we have
√
siti ≥ r for each i ∈ B0 \ {i0}. If
√
siti > r
for some i, then we can subtract nonzero diagonal matrix from W . Therefore, we have√
siti = r for each i ∈ B0 \ {i0}.
Now, it remains to show the implication (iii) =⇒ (ii). To do this, we use the
notations 0S and 1S for indices on S which are constant functions with values 0 and
1, respectively. Suppose that (iii) holds. We may assume that i0 = 0[n] and r = 1,
without loss of generality. For a bi-partition S ⊔ T = [n] and α ∈ C, we define two
vectors |xS(α)〉 ∈
⊗
i∈S C
di and |yT (α)〉 ∈
⊗
i∈T C
di by
|xS(α)〉 = |0S〉+ α|1S〉, |yT (α)〉 = su¯|0T 〉 − α¯|1T 〉,
with s = W0S⋄1T ,0S⋄1T and u = W0[0],1[0]. Put
|zST (α)〉 : = |xS(α)〉 ⊗ |yT (α)〉
= su¯|0S ⋄ 0T 〉 − α¯|0S ⋄ 1T 〉+ su¯α|1S ⋄ 0T 〉 − |α|2|1S ⋄ 1T 〉.
It is straightforward to see that |zST (α)〉 ∈ PW and the set {|zST (α)〉 : α ∈ C} spans
the 4-dimensional space VST spanned by |0S ⋄ 0T 〉, |0S ⋄ 1T 〉, |1S ⋄ 0T 〉 and |1S ⋄ 1T 〉.
Now, it is clear that the span of VST through bi-partition S ⊔ T = [n] coincides with
the whole space
⊗
i∈[n]C
di . 
A typical example of three qubit optimal genuine entanglement witness is given by

· · · · · · · eiθ
· s2 · · · · · ·
· · s3 · · · · ·
· · · s4 · · · ·
· · · · 1/s4 · · ·
· · · · · 1/s3 · ·
· · · · · · 1/s2 ·
e−iθ · · · · · · ·


,
where · denotes zero. We see that these witnesses detect all the GHZ type pure state
[5], as it was discussed in [18].
5. Decomposability of X-shaped multi-qubit witnesses
In this section, we characterize the decomposability of X-shaped multi-qubit wit-
nesses, in terms of the entries. We recall the definition (10) of the partial transpose
T (S) for a given subset S ⊂ [n]. A state ̺ in⊗i∈[n]Mdi is said to be of PPT (positive
partial transpose) if ̺T (S) is positive for every subset S of [n]. Therefore, ̺ is of PPT
if and only if it is in the intersection of convex cones
T
S := {A ∈
⊗
i∈[n]
Mdi : A
T (S) is positive}
through subsets S of [n]. On the other hand, a Hermitian matrix D is said to be
decomposable if it is in the convex hull of the convex cones TS through subsets S of
[n].
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It is easy to see that the convex cone D of all decomposable matrices in
⊗
i∈[n]Mdi
is closed by Caratheodory’s theorem [32, Theorem 17.2], which tells us that the convex
hull of a compact set is again compact. Therefore, we can apply the duality between
the convex hulls and the intersections to get the following:
Proposition 5.1. For a state ̺ and a Hermitian W in
⊗
i∈[n]Mdi, we have the fol-
lowing:
(i) ̺ is a PPT state if and only if 〈̺,W 〉 ≥ 0 for each decomposable W .
(ii) W is decomposable if and only if 〈̺,W 〉 ≥ 0 for each PPT state ̺.
Proposition 5.2. Suppose that an X-shaped n-qubit state ̺ = X(a, b, z) and a bi-
partition [n] = S ⊔ T are given. If 1 /∈ S then the following are equivalent:
(i) ̺ is S-T bi-separable;
(ii) ̺ is S-T PPT.
(iii) the inequality (6) holds for every i, j ∈ B0 with i = j¯S.
Proof. The equivalence (ii) ⇐⇒ (iii) follows from the relation
Xi(ai, bi, zi)
T (S) = Xi(ai, bi, 0) +Xi¯S(0, 0, zi),
by (12). It remains to prove (ii) =⇒ (i). If we write
̺ =
1
2
∑
i∈B0
(Xi(ai, bi, zi) +Xi¯S(ai¯S , b¯iS , zi¯S)) ,
then every summand is a two qubit PPT state if we ignore zero entries. Therefore, it
is separable as a two qubit state which is S-T separable as an n-qubit state. 
Since we may interchange the roles of S and T in the bi-partition [n] = S ⊔ T ,
the assumption 1 /∈ S in Proposition 5.2 is actually superfluous. We put this assump-
tion just because the statement (iii) makes sense only when 1 /∈ S. Taking a partial
transpose of an X-shaped multi-qubit matrix is nothing but a rearrangement of anti-
diagonal entries, while fixing diagonal entries. Conversely, an anti-diagonal entries of
an X-shaped multi-qubit matrix W may be moved to any other anti-diagonal places
by a suitable operation of partial transpose. To see this, for given two different indices
i, j in B0, we put S = {i ∈ [n] : i(i) 6= j(i)}. Then, we have
(13) Xi(0, 0, z)
T (S) = Xj(0, 0, z).
Therefore, we have the following:
Theorem 5.3. Let ̺ = X(a, b, z) be an X-shaped n-qubit state. Then the following are
equivalent:
(i) ̺ is fully bi-separable;
(ii) ̺ is PPT;
(iii) the inequality (6) holds for every choice of i, j ∈ B0.
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Corollary 5.4. Every X-shaped multi-qubit PPT state is bi-separable.
Now, we turn our attention to the decomposability of X-shaped entanglement wit-
nesses.
Theorem 5.5. For an X-shaped n-qubit Hermitian W = X(s, t, u) with nonnegative
diagonals, the following are equivalent:
(i) W is decomposable;
(ii) 〈̺,W 〉 ≥ 0 for every PPT state ̺;
(iii) 〈̺,W 〉 ≥ 0 for every fully bi-separable state ̺;
(iv) the inequality (5) holds.
Proof. Equivalence between (i) and (ii) is a part of Proposition 5.1. Since every fully
bi-separable state is of PPT, we also have the implication (ii) =⇒ (iii). To prove the
directions (iii) =⇒ (iv) =⇒ (i), we first consider the case when si, ti > 0 for every
i ∈ B0. We also write ui = |ui|eiθi. We consider the X-shaped state
̺ =
∑
i∈B0
Xi
(√
ti
si
,
√
si
ti
, −e−iθi
)
.
This is a fully bi-separable state by Theorem 5.3, and so we have
0 ≤ 1
2
〈W, ̺〉 =
∑
i∈B0
√
siti −
∑
i∈B0
|ui|.
This completes the proof of (iii) =⇒ (iv).
For the direction (iv) =⇒ (i), we suppose that the inequality (5) holds. Put
S+ = {i ∈ B0 :
√
siti ≥ |ui|}, S− = {j ∈ B0 :
√
sjtj < |uj|},
and define
W+ =
∑
i∈S+
Xi
( |ui|si√
siti
,
|ui|ti√
siti
, ui
)
+
∑
j∈S
−
Xj(sj, tj,
√
sjtje
iθj),
W− =
∑
i∈S+
Xi
((
1− |ui|√
siti
)
si,
(
1− |ui|√
siti
)
ti, 0
)
+
∑
j∈S
−
Xj(0, 0, (|uj| −
√
sjtj)e
iθj).
Then W+ is positive and W = W+ +W−. For the brevity, we write
pi =
(
1− |ui|√
siti
)
si, qi =
(
1− |ui|√
siti
)
ti, vj = (|uj| −
√
sjtj)e
iθj ,
so that
W− =
∑
i∈S+
Xi(pi, qi, 0) +
∑
j∈S
−
Xj(0, 0, vj).
By the inequality (5), we have∑
i∈S+
√
piqi =
∑
i∈S+
(
1− |ui|√
siti
)√
siti =
∑
i∈S+
√
siti − |ui| ≥
∑
j∈S
−
|uj| −
√
sjtj =
∑
j∈S
−
|vj|.
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Now, we put
ci =
√
piqi∑
k∈S+
√
pkqk
, dj =
|vj|∑
k∈S
−
|vk|
for each i ∈ S+ and j ∈ S−, and define
W i,j = Xi(djpi, djqi, 0) +Xj(0, 0, civj).
We decompose W− as
W− =
∑
i∈S+
Xi(pi, qi, 0) +
∑
j∈S
−
Xj(0, 0, vj)
=
∑
i∈S+
∑
j∈S
−
Xi(djpi, djqi, 0) +
∑
j∈S
−
∑
i∈S+
Xj(0, 0, civj) =
∑
j∈S
−
∑
i∈S+
W i,j.
By the relation (13), we can take a subset Si,j of [n] such that
[W i,j]T (Si,j) = Xi(djpi, djqi, 0) +Xi(0, 0, civj) = Xi(djpi, djqi, civj).
Furthermore, [W i,j]T (Si,j) is positive since√
(djpi)(djqi) = dj
√
piqi =
|vj|√piqi∑
k∈S
−
|vk| ≥
|vj|√piqi∑
k∈S+
√
pkqk
= ci|vj|.
This shows that
W =W+ +
∑
j∈S
−
∑
i∈S+
W i,j
is decomposable.
For the general cases, we apply the preceding argument to W + εI for ε > 0. Then,
W + εI is decomposable if and only if 〈̺,W + εI2n〉 ≥ 0 for every fully bi-separable
state ̺ if and only if ∑
i∈B0
√
(si + ε)(ti + ε) ≥
∑
i∈B0
|ui|.
Since the choice of ε > 0 is arbitrary, the conclusion follows because the convex cone
of all decomposable matrices is closed. 
We note that the inequality (3) is much more stronger than the inequality (5), and
see the following.
Corollary 5.6. Every X-shaped multi-qubit genuine entanglement witness is decom-
posable.
6. Discussion
In this paper, we have characterized various kinds of separability and witnesses
for X-shaped multi-qubit matrices. As for states, we have the following diagram for
implications between various notions of separability:
fully separable =⇒ fully bi-separable =⇒ bi-separable
⇓ ⇓
PPT =⇒ PPT mixture =⇒ state
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Corollary 3.5 and Theorem 5.3 tell us that the vertical arrows in the above diagram
become actually equivalences for X-shaped multi-qubit states. It is also known that
every PPT mixture is bi-separable for some special subclasses of multi-qubit states
[11, 33]. The authors do not know if the converses of two vertical arrows hold or not
in general multi-qubit cases. Examples of three qubit fully bi-separable states which
are not fully separable can be found in [4, 5, 34].
In order to consider the dual diagram, we adopt the following terminologies: We
call a Hermitian matrix W
• block positive if 〈̺,W 〉 ≥ 0 for every fully separable state ̺.
• bi-block positive if 〈̺,W 〉 ≥ 0 for every fully bi-separable state ̺.
• fully bi-block positive if 〈̺,W 〉 ≥ 0 for every bi-separable state ̺.
• fully bi-decomposable if 〈̺,W 〉 ≥ 0 for every PPT mixture ̺.
With these terminologies, a genuine entanglement witness is nothing but a non-positive
fully bi-block positive matrix. Now, we have the following dual diagram:
block positive ⇐= bi-block positive ⇐= fully bi-block positive
⇑ ⇑
decomposable ⇐= fully bi-decomposable ⇐= positive
The vertical arrows are again equivalences for X-shaped multi-qubit witnesses, by The-
orem 5.5 and Theorem 3.3. In the tri-partite case of Mp ⊗Mq ⊗Mr, the three kinds
of positivity in the diagram may be interpreted as various kinds of positivity of the
corresponding bi-linear maps [18]: W is fully bi-block positive if and only if it is the
Choi matrix of a bi-linear map which is (p, q, 1), (1, q, r) and (p, 1, r)-positive simul-
taneously. Bi-block positivity corresponds to the convex hull of these three kinds of
positivity. Finally, W is block positive if and only if the corresponding bi-linear map
is (1, 1, 1)-positive.
One of the merits to consider X-shaped witnesses is to get necessary conditions
for various kinds of separability in terms of diagonal and anti-diagonal entries, as in
Corollary 3.4. This necessary condition for bi-separability is also sufficient for multi-
qubit X-shaped states, as one may see in Corollary 3.5. We also see the same reasoning
for full bi-separability in Theorem 5.3, because the inequality (6) is necessary for full
bi-separability and PPT of general multi-qubit states.
We note that the same situations occur for witnesses. For example, we have shown
that the inequality (3) is equivalent to full bi-block positivity for multi-qubit X-shaped
case. One can show that every fully bi-block positive multi-qubit Hermitian matrix
satisfies this inequality. To show this, we can expand the pairing with the following
state
Xi
(√
ti
si
,
√
si
ti
, −e−iθi
)
+Xj
(√
ti
si
,
√
sj
tj
− e−iθj
)
,
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which is bi-separable by Proposition 5.2. It is also easy to see that the inequality (5)
is necessary for decomposability of arbitrary multi-qubit Hermitian matrices.
It would be interesting to look for necessary and sufficient conditions for full sepa-
rability and block positivity of X-shaped multi-qubit matrices in term of entries. See
Theorem 6.3 in [18] in this direction. It is also natural to ask if these conditions are
necessary for corresponding properties in general cases.
Note added in proof. Recently, an analytic example of three qubit PPT mixture
which is not bi-separable has been constructed in [35].
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